
Thermal Equilibrium Signal 

 



  



 

 

   






 

   

    

 

Signal Induction 
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𝑀𝑧(𝑡 = 0) = 0

𝑀𝑧(𝑡) = (1 − 𝑒
−
𝑡
𝑇1)𝑀0 

𝑑𝑀𝑧
𝑑𝑡

(𝑡) =
𝑀0
𝑇1
𝑒
−
𝑡
𝑇1
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𝑩 = 𝐵𝑧𝒛̂ =
𝜇0
2𝑟
𝒛̂

𝑣 = −Bz ⋅
dMz
dt

= −
𝜇0𝑀0
𝑇12𝑟

𝑒
−
𝑡
𝑇1

𝜔0 = 𝛾𝐵0 ≫ 1/𝑇1

Frame Transformations 

 𝒙̂′, 𝒚̂′

𝒙̂′(𝑡 = 0) = (
1
0
0
)

𝑥𝑦𝑧

,    𝒚̂′(𝑡 = 0) = (
0
1
0
)

𝑥𝑦𝑧

𝑅𝑧(𝜃) = (−
cos(𝜃) sin(𝜃) 0
sin(𝜃) cos(𝜃) 0
0 0 1

)

𝒙̂′(𝑡) = 𝑅𝑧(𝜔𝑡)𝒙̂
′(𝑡 = 0) = (−

cos(𝜔𝑡) sin(𝜔𝑡) 0
sin(𝜔𝑡) cos(𝜔𝑡) 0
0 0 1

)

𝑥𝑦𝑧

(
1
0
0
)

𝑥𝑦𝑧

= (
cos(𝜔𝑡)

− sin(𝜔𝑡)
0

)

𝑥𝑦𝑧

𝒚̂′(𝑡) = 𝑅𝑧(𝜔𝑡)𝒚̂
′(𝑡 = 0) = (

sin(𝜔𝑡)

cos(𝜔𝑡)
0

)

𝑥𝑦𝑧



𝒙̂′

cos(𝜔𝑡) − sin(𝜔𝑡)

𝒙̂′(𝑡) = cos(𝜔𝑡)⏟    
𝑎11

𝒙̂ − 𝑠𝑖𝑛(𝜔𝑡)⏟    
𝑎12

𝒚̂ + 0⏟
𝑎13

⋅ 𝒛̂

𝒚̂′(𝑡) = sin(𝜔𝑡) 𝒙̂ + cos(𝜔𝑡) 𝒚̂ + 0 ⋅ 𝒛̂

𝒛̂ = 𝒛̂′

𝑎31 = 𝑎32 = 0 𝑎33 = 1

𝒙̂, 𝒚̂

𝑅𝑧′(𝜔𝑡) = (
cos(𝜔𝑡) −sin(𝜔𝑡) 0
sin(𝜔𝑡) cos(𝜔𝑡) 0
0 0 1

)

𝑥′𝑦′𝑧′

𝒙(𝑡) = (
1
0
0
)

𝑥′𝑦′𝑧′

,   𝒚̂(𝑡) = (
0
1
0
)

𝑥′𝑦′𝑧′

𝒙̂(𝑡 = 0) = 𝒙̂′

𝐱̂(t) = cos(𝜔𝑡) 𝐱̂′(𝑡) + sin(𝜔𝑡) 𝐲̂′(𝑡) + 0 ⋅ 𝐳̂′(𝑡)
𝒚̂(t) = −sin(𝜔𝑡) 𝐱̂′(𝑡) + cos(𝜔𝑡) 𝐲̂′(𝑡) + 0 ⋅ 𝐳̂′(𝑡)
𝒛̂(t) = 0 ⋅ 𝐱̂′(𝑡) + 0 ⋅ 𝐲̂′(𝑡) + 𝐳̂′(𝑡)

 𝜔𝑅𝐹

𝜔𝑅𝐹 − 𝜔 𝜔 𝜔 = 𝜔𝑅𝐹

𝒙̂, 𝒚̂

𝑩𝑅𝐹(𝑡) = 𝐵1 cos(𝜔𝑅𝐹𝑡) [cos(𝜔𝑡) 𝐱̂
′(𝑡) + sin(𝜔𝑡) 𝐲̂′(𝑡)]

− 𝐵1 sin(𝜔𝑅𝐹𝑡) [− sin(𝜔𝑡) 𝐱̂
′(𝑡) + cos(𝜔𝑡) 𝐲̂′(𝑡)] 

= 𝐵1(cos(𝜔𝑅𝐹𝑡) cos(𝜔𝑡) + sin(𝜔𝑅𝐹) sin(𝜔𝑡))𝒙̂
′(𝑡)

+ 𝐵1(cos(𝜔𝑅𝐹𝑡) sin(𝜔𝑡) − sin(𝜔𝑅𝐹𝑡) cos(𝜔𝑡))𝒚̂
′(𝑡) 



= B1 cos((𝜔𝑅𝐹 − 𝜔)𝑡) 𝒙̂
′(𝑡) − B1 sin((𝜔𝑅𝐹 − 𝜔)𝑡) 𝒚̂

′(𝑡) 
 

 

 𝜔 = 𝜔𝑅𝐹 𝑩𝑅𝐹(𝑡) = 𝐵1𝒙̂′

 𝐁 = 𝐵𝐳̂ = 𝐵𝒛̂′ 𝒛̂ = 𝒛̂′

Time Derivatives in the Rotating Frame 

 

𝑑𝑴

𝑑𝑡
=
𝑑(cos(𝜔𝑡))

𝑑𝑡
𝒙̂ −

𝑑(sin(𝜔𝑡))

𝑑𝑡
𝒚̂ 

= −𝜔 ⋅ (sin(𝜔𝑡) 𝒙̂ + cos(𝜔𝑡) 𝒚̂)

𝒙̂, 𝒚̂

𝑴 = (
cos(𝜔𝑡)

− sin(𝜔𝑡)
)
𝑥𝑦

𝑑𝑴

𝑑𝑡
= (

−𝜔 sin(𝜔𝑡)

−𝜔 cos(𝜔𝑡)
)
𝑥𝑦

 

𝒙̂ = cos(𝜔𝑡) 𝒙̂′ + 𝑠𝑖𝑛(𝜔𝑡)𝒚̂
𝒚̂ = −sin(𝜔𝑡) 𝒙̂′ + 𝑐𝑜𝑠(𝜔𝑡)𝒚̂

𝑴(𝑡) = 𝒙̂′ = (
1
0
)
𝑥′𝑦′

𝑑𝑴(𝑡)

𝑑𝑡
= −𝜔𝒚̂′ = (

0
−𝜔

)
𝑥′𝑦′

 

(
𝑑𝑴

𝑑𝑡
)
𝑟𝑜𝑡
=
𝑑𝑀𝑥,𝑟𝑜𝑡
𝑑𝑡

𝒙̂′ +
𝑑𝑀𝑦,𝑟𝑜𝑡

𝑑𝑡
𝒚̂′ =

𝑑(1)

𝑑𝑡
𝒙̂′ +

𝑑(0)

𝑑𝑡
𝒚̂′ = 0

 

 

𝜔



 

(
𝑑𝑴

𝑑𝑡
)
𝑟𝑜𝑡

On and Off-Resonance Excitation 

 

   

    





 

 

 

 

   
   

    
   
   



 

    

 







   
   

    
      

     

 

    

 

 

Flip Angles Are Nucleus-Dependent 
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